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The Euler-Bernoulli equations governing a stable equilibrium configuration 
of an elastica, subject to pin supports, can be derived by a formal calculus of 
variations via a local minimum principle for the strain energy of the elastica. 
Such a derivation was carried out by Lee and Forsythe [4] in their analysis 
of open and closed nonlinear spline curves. The basic equation satisfied for 
each unloaded span between supports by the curvature (or normalized 
bending moment) k is the familiar equation in the arc length variable 
(d*k/ds-*) + (k3/2) = ci , i = l,..., m - 1. (1) 
Here s varies over the intervals (si , s,.+i), where the arc lengths 
s, < ss < ... < s, of the elastica correspond to support positions. The local 
minimum principle also leads to a continuous curvature for the elastica and, 
in the case of an open curve, requires that the constants Ci of (1) are zero. 
The reader is referred to [6] for a comprehensive treatment of the underlying 
physical assumptions; shear deformations and center line stretching of the 
elastica are neglected. 
In this paper we shall derive the equations both of stable and unstable 
equilibrium configurations using a calculus of variations based on a variational 
inequality. Such an approach is necessitated by existence considerations: a 
necessary and sufficient condition for the existence of an elastica with 
continuous turning tangent and curvature, realizing the minimum of the 
strain energy quantity Si k* d s, is an a priori upper bound L for the arc length. 
The necessity of this condition was suggested by Birkhoff and De Boor [l], 
who observed that the strain energy could be made arbitrarily small by 
piecing together arcs of circles of arbitrarily large radius to obtain an admissible 
interpolating curve with continuous turning tangent. The sufficiency was 
conjectured by Garrett Birkhoff and established by Jerome [3]; the continuit! 
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of k for any elastica that minimizes the strain energy is a consequence of the 
present paper, however. 
Our results show that a stable equilibrium configuration arises with an 
elastica of length strictly less than L, where all admissible curves have length 
not exceeding L. An extremal elastica of length exactly L represents an 
unstable equilibrium configuration if, for every E > 0, there is an admissible 
curve, of length not exceeding L + 6, for which the strain energy is strictly 
decreased. 
In Theorem 1, we derive the general system satisfied by the elastica (x, y) 
as a function of arc length in both stable and unstable equilibrium: 
3k”P + 2x = Ai2 + ci , 
3k’j + 2J = A$ + di , (2) 
where ci and di are real constants for i = 1 ,..., 171 - 1 on (si , si+J and h is a 
nonnegative constant. These equations imply that 
(d2k/ds2) + (k3/2) - (h/2)k = Ci 
on (si , si+J for some constants Ci , i = I,..., m - 1. If (x, y) represents a 
stable equilibrium configuration, then h = 0, and (2) implies (1) with 
k = kjj - @. Equations (2) are deduced with the aid of a variational 
inequality, required because the resultant (x, y) + E(U, V) of an admissible 
variation (u, V) must have arc length not exceeding L. We are also able to 
deduce the local and global smoothness properties of the solution via these 
inequalities in the spirit of the approach of Lions and Stampacchia [5]. Our 
next result, contained in Theorem 2, establishes the continuity of the function 
L -+ a(L), where 01 denotes minimum strain energy. This function is thus 
continuous and nonincreasing with lim,,, a(L) = 0. Finally, in Theorem 3, 
we present a summarizing result in the language of stable and unstable 
equilibrium configurations. 
1. CHARACTERIZATIONS OF SOLUTIONS 
In this section we assume that L is a fixed length parameter and that a 
finite set 9 of points (xi , y,), i = I,.,., m is prescribed that admits a smooth 
interpolating curve, with continuous turning tangent and square integrable 
curvature, of length not exceeding L. 
Let w2**(0, L) denote the usual Sobolev class of real functions x such that 
X, R are absolutely continuous on [0, L] and % E L”(0, L). Let W be the product 
space 
w = wyo, L) x wyo, L), 
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and define the functional I on W by 
I(&., y) = JoL (3 + j2)lP. 
Also, we define the functional 0 on W to be the square of the L2 norm of the 
curvature of the curve t + (x(t), y(t)), 0 < t <L. This can be given 
explicitly by 
We say a point (x, y) in W is admissible if B is a subset of {(x(t), y(t)): 
0 < t <L}. The basic problem considered, then, in this section is to 
characterize solutions of the extremal problem 
a(L) = inf{Qx, y): Z(x, y) < L, (x, y) admissible}. (1.1) 
As remarked in the introduction, solutions of this problem have been shown 
to exist [3]. Note that a(L) is a monotone decreasing function ofL. 
THEOREM 1. Let (x, y) be a solution of (1.1) parametrized by the arc-length 
variable t. Let 0 = t, < t, < ..* < t, <L be points with x(tJ = xi , y(tJ = yi 
fOY i = I,..., m. (This can be accomplished by renumbering the points of 8, if 
necessary.) Then each of x and y is Cm in (ti , ti+J, i = l,..., m - 1, and C2 
on [0, L] with i(O) = a(t,,,) = ~(0) = jj(t,) = 0. Further, there is a non- 
negative constant h and there are constants ci , di such that 
3k%? + 2s = A$ + ci , 
3kS$ + 27 = Aj + di , 
(l-2) 
on (ti , ti+l) for i = I,..., m - 1, where k is the curvature and d@rentiution is 
taken with respect o arc length. The system (1.2) implies that the equations 
k + (k3/2) - (X/2)k = Ci (1.3) 
hold on each interval (ti , ti+l) for certain constants Ci , i = I,..., m - 1. 
Furthermore, if t, < L, then (1.2) and (1.3) hold with X = 0. 
Two technical lemmas, which make use of variational inequalities, are 
required for the proof of Theorem 1. 
LEMMA 1. Suppose f, g E L2(0, 1) and 
kolfti > 0 r r 
1 
implies gii 3 0 
‘0 
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for any a E Com(O, 1). Then g(t) = of(t) + c,, + c,t a.e. in [0, 11, where X 3 0 
and c0 , cl are real numbers. 
Proof. The lemma clearly holds if f is an affine function of t, so we may 
suppose f is not affine. Let S = (Af + c,, + tit: h > 0, cs , cr E lV>; then S is 
a closed convex cone in L2, and we wish to show that g E S. If not, by the 
separation theorem there is an L” function p with J-i pg = 6 < 0 and 0 < J-i sp 
for all s E S. Hence, jipf 3 0, and sip(t) dt = ji tp(t) dt = 0. If si pf = 0, 
then since the C,,% functions j3 that are orthogonal to 1, t, f are L2 dense in the 
set of L” functions that are orthogonal to 1, t, f, there is a C,= function jI 
approximating p with $ /3g < 5/2 and 0 = $ /3 = $ t/3(t) dt = $ ffl; [2; 
Theorem 01. If skpf > 0, then by the same argument there is a Cx function 
p with, 0 = [i/3 = St t/3(t) dt and $pg < 612, Si /3f > 0. The conditions 
0 = so j3 = s,, t/3(t) dt imply that /3 = Cu for some 01 E I$,~; hence, st &f > 0 so 
that the hypothesis implies 0 < s&g = s/3g < 612 < 0, a contradiction. 
J. L. Lions has pointed out that Lemma 1 holds more generally if 
j and g are replaced by general distributions and the interval (0, 1) is replaced 
by an open set Q in R”. 
COROLLARY 1. Suppose f, g EP(O, 1) and 
.fr;i > 0 I 
-1 
implies I gii > 0 '0 
for any a E Com(O, 1). Then g(t) = hf(t) + co + c,t a.e. in (0, l), where h 2 0 
and co , cl are real numbers. 
PYOOf. If Sifti = 0, pl re ace ii by ii + ~6, where ji bf > 0, and let E 
decrease to 0. 
LEhlMA 2. Let f EL2(0, I), let r E [w, 0 < c < 1, and set 
u = )u E Com(O, 1): C(c) = Y, and u(c) = IO1 tif = 01. 
Then there is a sequence {un} of elements of L’with /I ti, lj2 -+ 0. 
Proof. Let 1’ = (21 E C,“(O, 1): ji o = $ z.1 = ji vf = 0 and V(C) = r}. 
Then the conclusion of the lemma is that 0 is in the L” closure of the convex 
set I’. First we show that 1; is nonempty. Let zu E Co=, W(C) = Y. Since the 
set of Cou functions that vanish at c is dense in L2, there is such a Co= function 
q with $ q = -Si w, Si z’r = -ji zc, and $ v,f = -Si z~:f [2; Theorem 01. 
Then o = q + ~1 E I’. If 0 is not in the L2 closure of IT, there is an L2 function 
g with 0 < 8 < Si qg for all zl E I’. Fix z’~ E Y, and choose any w E Corn with 
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J‘i w = $, w = Ji wf = w(c) = 0. If X E W, then ~1s + hw E k-; therefore, 
6 < Jk (no + hw)g, and hence jt wg = 0. Another application of [2; 
Theorem 0] shows that the L’ closure of the set of COW functions w satisfying 
the four conditions 0 = $, w = Ji w = ji wf = w(c) is precisely the set 
of L” functions w satisfying the first three of these conditions. Hence, 
g = A, + L4,~ + .4af, where x is the characteristic function of [0, c]. Hence, 
for z’ E P-, 0 < 6 < $gv = 0, which is a contradiction. 
Proof of Theorem 1. Let t be the arc-length parameter for the solution 
(.x,-y). Note that .i? + j” = 1 and also that 0(x,y) = J-f (n’ + jja) in this 
parametrization. (We are also assuming that the parameter interval is [0, L]; 
this involves no loss of generality since we may always extend each of x and 
y linearly to all of [0, L].) Let (a, b) E Wwith a(tJ = b(tJ = 0 for i = l,..., m. 
Then (X + l a,y + l b) satisfies the interpolation conditions and, for E 
sufficiently small, 
Z(x + l ,y + Eb) = Z(x,y) + EZ’(U, 6) + O(2), (1.4) 
where l’(a, b) = J$ (Li3i + bj) dt is the Frechet derivative of 1 at (x, y). For 0 
we have 
e(x + EU, y + Eb) = j L [(9i” + E(i) ( y + d) - (i + Efi) ( j + A)]’ 
0 
x [(et + EC~)~ + (j + ,b)‘]-5/2 dt 
= e(.r,y) + Eeyu, b) + o(3), 
where 
@‘(a, b) = I” [i$’ - 29-j [2(&j - cij + ib - ib) - 5(& + b3) (q - i$)] dt. 
0 
Making use of the facts that Z? + 9” = 1 and hence 2% + jji = 0, we easily 
obtain the formula 
eyu, b) = 1’ [2(ti% + t;jj) - 3k7ri.e + bj)] dt, 
‘0 
(1.5) 
where k2 = jE2 + jj2 is the square of the curvature. 
Fix i, 1 < i < m - 1. Suppose a, b E Com(ti , ti+l) and Z’(u, b) < 0. 
Suppose &(a, 6) = 7 < 0; then the curve (X + EU, y + l b) has length 
L - S(E) < L for E sufficiently small, but 
a(~) < ol(~ - s(g) < ecx + Eu, y + q 
= e(.r, -v) + dqu, b) + o(3) 
= a(L) + q + O(E2) 
< a(L), 
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when E is sufficiently small. This contradiction shows that &(a, b) > 0. 
Now take b = 0. We learn that for any a E Caa(ti , titl), SF1 & < 0 implies 
that s:{+l(2tii - 3k*G) >, 0. Equivalently, sii” rix >’ 0 implies that 
S;f” 2tii + iiF > 0, where fi = 3K2z?. Now, by dorollary 1, we must have 
2-f + F = hp + ti + c,t t E (5 , &+I), 
where hi > 0 and Ti , ci are scalars. This immediately implies that .? is 
absolutely continuous with E in Lz(ti , ti+i) and satisfies on (ti , t++i) 
2.v + 3k”k = Apt + c; , i = I,..., m - 1. (1.6) 
Taking a G 0 and employing the identical argument, we find that y satisfies 
27 + 3k29 = pii’ + dj , i = l,..., m - 1. (1.7) 
A recursion argument applied to (1.6) and (1.7) implies that x and y are in 
q4 , h,l). 
To prove the continuity of 5 at the points ti we make use of Lemma 2 and 
the fact that /‘(a, b) < 0 implies B’(u, b) > 0. First, if 2 < i < m - 1, then 
taking b = 0 and a E Com(ti_, , ti+i) with U(Q) = 0, (i(tj) = r, we find that 
whenever sii’: & < 0, then 
0 < i,:I1 (2~2 _ 3k2hif) = - J.<‘+’ (2ti.f + 3k%q + 2Y[qti-) - %(&+)]. 
- t*-1 
By a continuity argument similar to that employed in the proof of Corollary 1, 
this same inequality holds if l:f’: ci3i < 0. By Lemma 2, the first term on the 
right-hand side can be made arbitrarily small for any choice of r and, in 
particular, r = f 1. Thus Z(&-) = i(&+). A similar argument with a simpler 
version of Lemma 2 shows that g(O) = g(tJ = 0. Similar arguments hold 
for 9. 
We now show that the constants hi and pi in (1.6) and (1.7) are equal to a 
single constant /\. We first consider the case that ji is constant on [0, L]. If so, 
then (1.6) implies that the /\(‘s are arbitrary if J? = 0 and, otherwise, k* is 
constant on each interval (ti , ti+l). 
Since k* is continuous on [O,L], and has value 0 at 0 and t,, , we find that 
k* = 0. Thus the solution (x,~) is a straight line, and X = 0 in this case. 
We now assume that pi is not constant on [O,L]. 
Let Ji = (ti , ti+i) for i = l,..., m - 1. Let n, ,..., nl; be those indices such 
that 2 is not constant on jai, i = I,..., k. For simplicity let Li = Jn, , 
i = I,..., k. We know from an earlier portion of the proof of Theorem 1 that 
if (a, b) E IIT and u(t?) = b(t{) = 0 f or i = I,..., m, then Z’(u, b) < 0 implies 
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&(a, 6) > 0. Making use of equations (1.6) and (1.7), valid on Ji , we find 
that 
Let c’ be the linear space of Cc functions u on [O,L] with u(tJ = 0 for 
i = l,..., m, and consider the mapping T of U into [w” given by 
T” = )lLi “x)i=l a 
’ -1” 
TC.’ is a subspace of IFP. If it is not all of FP, then there are scalars fir ,..., /31c 
not all zero with 
0 = gl/Ap for all 24 E U. 
By choosing u E C” with compact support in Lie , we find that /$, = 0 since 2 
is not constant onL,,; this holds for 1 < i,, < K so that we reach a contradiction. 
Hence, TU is all of Rx‘. 
Now use (1.8) with b = 0; we find that 
k k 
pIi<0 implies 1 h,,Vi < 0 
for any (2-r , . . . , v~) E Iw”. It follows immediately that h, = ... = &,, = h. On 
the other hand, on an interval Ji on which 3i is donstant, the equation 
2% + 3K’% = hi3i” + ci shows that either hi is arbitrary if 2 = 0 or K* is 
constant and an adjustment of ci allows us to assume Xi = X. Hence, 
h, = ... = X,-i = h. An identical argument shows that p1 = .‘. = pm-i = TV. 
It only remains to show that p = X. We again use (1.8), which now takes the 
form, 
tVi+iWi<O implies Atvl+,$ZUi<O 
1 1 
for any (vr ,..., elk) E FP and (wr ,..., wr) E Rr. This clearly implies X = p. 
Now we derive the differential equation (1.3) that the curvature k satisfies. 
Our starting point is the system of Eqs. (1.2). D i ff erentiate the first equation in 
(1.2) and then multiply by j. Next, differentiate the second equation in (1.2) 
and then multiply by --f. Add the resulting equations to obtain 
-33k3 + -qJc’“‘j - y(qq = -a. (1.9) 
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Here we have used the fact that k* = f” + j;‘l. A simple computation shows 
that 
~~(41~ _ ?,IIl”t = *q _ q _ i;. 
However, for some constant yi , 
(1.10) 
q - &q = k3 + .)/( . (1.11) 
To see this, differentiate the first equation of (1.2) and then multiply by ji. 
Next, differentiate the second equation of (1.2) and then multiply by --.i~. Add 
the resulting equations to obtain the differentiated form of (1.11). (1.3) is 
then a consequence of (1.9), (1.10), and (1.11). 
Finally, suppose that t,,, < L. Then clearly J? and j are constant on [t,,, , L]. 
(Otherwise, we could decrease or(L) by considering only [0, tm]). On [t, , L] 
we then have the equations 
and 
2% + 3R% = 0 
2J + 3Q = 0. 
Now if (a, b)~ W(0, L) with a(~,) = b(tJ = 0 for i = I,..., m, then 
(X + EU,J + l b) is an admissible function on [0, L] for all sufficiently small 
1 E 1; hence, 
for all a, b E CoE(ti , ti-r), i = l,..., vz - 1, so that (1.2) holds with A = 0. 
These two equations imply (1.3) with h = 0. 
Remark. Note that if for some i there is a point s E (ti , ti+i) with 
X(S) = .v(t,) and y(s) = r(tJ (the case, for example, of a loop), then the 
functions x and y are Cz across the point tj since {tr ,..., t,-t , S, t,+t ,..., t,,,} 
could have been chosen as our original set of interpolation nodes. 
2. THE RELATION BETWEEN MINIMUM CURVATURE AND LENGTH 
In this section we investigate the function L + or(L). In what follows, Lo 
denotes the infimum of the constants L such that an admissible interpolating 
curve exists with length not exceeding L. 
THEOREM 2. The function L + m(L) is continuous and monotone decreasing 
on [Lo, CO) with a(L) - 0 as L - co. If U(L) is constant on [L, , L2_1, L, < L, , 
then there is a solution (x, y) independent of L, L, <L < L, , for which 
I&p. (1.3) hold with X = 0. 
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Proof. The fact that 01 is monotone decreasing is obvious from the 
definition. To show that 01 is continuous from the left, suppose (x, y) is a 
solution for some value of L, L > L, . Let (a, b) E W with a(&) = b(tJ = 0 
for i = l,..., m and E’(a, 6) < 0. Then we know that @(a, b) > 0 from the 
proof of Theorem 1. Let E, be a sequence of positive numbers decreasing to 0; 
let L, = 1(x + ~,a, JJ + e,b) so that L, < Z(x, y) for 11 large and L, - 
2(x, y) < L. Hence 
< 0(x + %P, y + 4) 
= qx, y) + l ,l9’(a, b) + O(E.,“) 
= a(~) + E.nep2, b) + o(g). 
Hence, 0 < a(L,) - a(L) < ~,@(a, b) + O(C,*) so that lim,-, a(L,) = a(L). 
Since 01 is monotone, this proves that (Y is left-continuous. 
To prove that a! is right-continuous at L > L, and, in fact, defined at L, , 
let L, + L, L, > L. Let (x.~ , yn) be a solution for L,n parametrized by its 
arc length so that or(L,) = J$’ (an* + 9,‘). A weak-compactness argument 
like that in [3] shows that there is a subsequence, again denoted by (xn , yn), 
for which in and J,, converge weakly in L* to functions i and ji, respectively, 
where (a+,~) is an admissible function for the length L. Hence, since 
a(L,) < a(L) for each n, we have 
Hence, equality holds throughout, and lim,,, a(L,) = a(L). 
Suppose that 01 is constant on [L, , L2]. If (x, y) is a solution corresponding 
to L, , then (x, y) is also a solution for any L, L, <L ,< L, , and hence 
Theorem 1 implies that (N, y) satisfies (1.3) with X = 0. 
Birkhoff and De Boor indicate in [l] that or(L) + 0 as L + CO. A complete 
proof, making use of loops that are arcs of circles, is not difficult to construct. 
We may now conveniently define the notions of stable and unstable 
equilibrium configurations. 
DEFINITION. A solution (x, y) of (1.1) re p resents a stable equilibrium 
configuration if there is an E > 0 such that whenever (u, v) E W is admissible 
and (u, U) is within distance c of (x, y) in Iv, then e(lc, 21) 2 0(x, y). Any 
other (equilibrium) configuration solving (1.1) is said to be unstable. 
We define a number L > Lo to be unstable if there are positive numbers E, 
tending to 0 such that a(L + c,) < a(L) for each n. 
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We now collect, in a final theorem, earlier results phrased in the language of 
stable and unstable equilibrium configurations. 
THEOREM 3. (i) For each L 3 L, , there is an equilibrium configuration 
with length not exceeding L. 
(ii) If (x, y) is a stable equilibrium configuration for the length L, then 
Eq. (I .3) holds with h = 0. 
(iii) If L is an unstable length, then there is an unstable equilibrium 
conjiguration for the length L. 
(iv) If L is an unstable length but cr(L - l ) = or(L) for E@ :::, c > 0, 
then there are at least two equilibrium congfiurations for the length L, one of zohich 
is stable and the other unstable. 
(v) There are cardinality c unstable values of L. 
Proof. (i) is the basic existence theorem for [3]. (ii) is true since B’(a, 6) = 0 
whenever (x, y) is stable. (iii) holds since the proof of Theorem 2 showed that 
a solution for the length L could be obtained as the limit of solutions for 
values L, > L. (iv) follows from (iii) and Theorem 2. Finally, (v) follows 
from the Birkhoff-De Boor result that a(L) 4 0 as L -+ co. 
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